Quantitatively Directed Exploration (QDE) approaches based on information such as model sensitivity, input data covariance and model output covariance are presented. Seven approaches for directing exploration are developed, applied, and evaluated on a synthetic hydrogeologic site.
uncertain hydraulic conductivity. MODFLOW-2000 is employed as the hydrogeologic computational model.
In terms of directing exploration, the QDE approaches employ three main components of modeling -input data uncertainty, model sensitivity and output data uncertainty.
Intuitively, by sampling and improving model input information, the model output will improve and be less uncertain.
Directing exploration based solely on improving uncertain input information has the tendency to direct exploration away from past sampling, which typically is near the area of interest, and directs exploration toward areas that have not been sampled, which typically are at the edges of a site.
Spatial uncertainty of hydrogeologic parameters, resulting from the scarcity of sampling, has been quantified based on the concept of geostatistics (Matheron 1963; Davis 1986; Isaaks & Srivastava 1989) . Using the spatial continuity in geologic structures, extrapolation methods such as ordinary kriging and cokriging have been developed. These methods provide extrapolated values and an estimate of error in that value throughout space. To improve upon the estimate of error, and to provide a covariance between input parameters, a multivariate conditional probability approach to extrapolate input data (hydraulic conductivity) is employed (Gelman et al. 1995) .
Input parameters and uncertainty in input parameters
can be modeled as a single "lumped" value or as a set of discrete, spatially varying values. Lumped parameters employ one value to describe a site or portion of a site, such as a single value of hydraulic conductivity for a geologic layer. To capture the spatial variability of a lumped parameter, a single value of uncertainty, typically the standard deviation, is assigned to the lumped parameter value.
In this work, a set of discrete, spatially varying values of hydraulic conductivity and uncertainty in hydraulic conductivity are employed. Therefore, each cell in the model has a unique, but spatially correlated, value of hydraulic conductivity and uncertainty in hydraulic conductivity. By including spatial information in the model through a set of spatially varying input data, sampling locations down to the cell resolution can be identified.
Model sensitivity is the change in model output per change in model input, which for the example presented is the derivative of piezometric head with respect to hydraulic conductivity. By solely employing model sensitivity to direct exploration, input parameters that most influence the model output can be identified. This technique is often used during model calibration. Making sensitive input parameters less uncertain improves model output. Unfortunately, the most sensitive parameter remains the most sensitive even after it has been sampled. Therefore, only employing model sensitivity continually directs exploration back to the same location.
Model sensitivity can be calculated by parameter perturbation or direct derivative coding (DDC) (Graettinger et al. 2002) . In this work, MODFLOW-2000 is used which has sensitivities directly coded into the model (Hill et al. 2000) . By using MODFLOW-2000, all 
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Input data extrapolation and covariance
The proposed FOSM framework, which is the basis for the seven QDE approaches, utilizes a multivariate normally (1) and (2). Generated output files were then used as input for MODFLOW-2000.
Performance model and sensitivity
As stated previously, the QDE approaches can be used with any model that employs spatially distributed information to calculate a model result. For this discussion, MODFLOW-2000 is used to calculate site performance, which is the piezometric head across a site. The extrapolated hydrogeologic information from Equation (1) is used as input to MODFLOW-2000 , which for the case study presented is run under steady state conditions.
An advantage of using MODFLOW-2000 is that sensitivity routines are included in the code. Sensitivities are calculated for each specified input parameter for the entire model grid (Hill et al. 2000) . Sensitivity represents the change in model output per change in an input parameter.
Specifically for this work, sensitivity is the change in piezometric head per change in hydraulic conductivity.
Because the head at any node is affected by a change in hydraulic conductivity at any node, a grid of sensitivities for the site is produced for each hydraulic conductivity input parameter.
MODFLOW-2000 outputs sensitivities as 1% scaled sensitivities: each sensitivity is multiplied by the corresponding input parameter and divided by 100. These normalized sensitivities are "un-normalized" for use in the FOSM calculation. This is done by multiplying the sensitivities by 100 and dividing by the input parameter value.
FOSM calculation
In the QDE framework, data uncertainty and model sensitivity are combined through a first-order Taylor series expansion to produce the variance in computed head.
Calculation of piezometric head covariances from correlated input data is shown by Equation (3) (Harr 1996) :
Here Cov[Y l ,Y k ] is the covariance of computed head between node l and node k. ›f k ›x i is the sensitivity of the head at node k to a change in the input at node i.
is the covariance between input at nodes i and j.
Using the extrapolated data and covariance files produced by Equations (1) and (2), and the sensitivity file from MODFLOW-2000, variance in the head is calculated for the entire model using Equation (3).
Seven QDE approaches
All QDE approaches are based on three matrices: 1) uncertainty in input information, 2) sensitivity of model results and 3) variance in calculated results. Each of the data elements in these matrices are related to specific locations throughout a site. By analyzing the data in these three matrices, seven approaches to Quantitatively Directed Exploration are developed and evaluated.
QDE Approach 1. Largest Reduction in Input
Uncertainty: the location that produces the largest reduction in overall input uncertainty
The spatial continuity of input information also represents the spatially continuity of uncertainty in input data.
Sampling reduces the uncertainty at a sampled location and also reduces the uncertainty to some degree around that location. As the distance from a sample increases, so does the uncertainty. The goal of Approach 1 is to find the location that, if sampled, produces the largest reduction in the summation of input uncertainty from across a site. This reduction is determined by calculating the volume under the input uncertainty surface as shown in Equation (4):
Here, V is the volume under the uncertainty surface, s ij is the standard deviation of input information at location j in cell i, where j is between 1 and 4 and represents the four corners of a cell, and x 2 is the plan area of a cell. Figure 1(a) shows an example of input uncertainty for a 10-cell by 10cell model that is sampled at five locations indicated by the arrows. At the sampled locations, the surface drops to zero and increases as the distance from a sample point increases.
This increase with distance matches the spatial continuity of the data described by the variogram, seen in Figure 1 For Approach 2, the sensitivity of output due to a change in input everywhere in the domain is obtained by summing each row of the sensitivity matrix as shown in Equation (5):
Here, Sen(h j ) is the sensitivity of the piezometric head at cell j due to a change in hydraulic conductivity in all cells. This is shown graphically by summing a row in Figure 2 . If the purpose of exploration is to find the most sensitive output location, then the maximum Sen(h j ) is the next sampling location.
QDE Approach 3. Most Important Input: the location of the input information that produces the largest change in output
If the elements of the sensitivity matrix are summed based on input information, then the summed value represents how much the entire output domain will change (piezometric head across the site) for a change in one specific input value (hydraulic conductivity in one cell). This summation is shown in Equation (6): This original QDE approach proposed by Graettinger & Dowding (1999) directs exploration to the location where the output variance is the largest. Figure 3 shows the structure of the output covariance matrix calculated by Equation (3) is one term of the first-order Taylor series multiplication, and all piecewise elements related to a specific location are summed together to produce the variances and the covariances. It can be seen in the inset of Figure 3 that columns are (7): Figure 3 , to the corresponding 100 spatial locations (cells) shown in the map on the right. The operation required for correlated input is the summation of the entire 100 £ 100 (10 000) terms in the large block. Thus, the shaded cells on the map contain the variation in head at locations 1, 2, 99 and 100 contributed by uncertain input variable at all locations. Exploration involves sampling at the location of maximum estimated variance in the head.
Here, Var[h k ] is the uncorrelated output variance at location k and Var[HK i ] is the input variance at location i. As with Approach 4, the maximum location of Var[h k ] is the next sampling point. The advantage of QDE Approach 5 for directing exploration is that without input covariance terms the input variance becomes more important. At a sampled location, the input variance is assumed zero; therefore, there is a smaller chance of directing exploration to a point that has already been sampled. If the assumption can be made that the input parameters are not correlated, this approach is simpler than Approach 4 and tends to avoid the resampling problem. Figure 5 shows the piecewise elements that are summed to calculate the uncorrelated output variance.
QDE Approach 6. Most Contributing Correlated Input to Output Variance: the location where correlated input information uncertainty contributes the most to output uncertainty
Output variance is the multiplication of input covariance and model sensitivity from across a site, as shown in Equation (3).
As discussed in Approach 4, it is possible to have the maximum output variance be at a location that has been previously sampled. Sampling at the largest output uncertainty (QDE Approach 4), reduces the input information uncertainty at that location and typically directs exploration to a new unsampled location. In some cases, the location of largest output uncertainty is at a previously sampled location.
Resampling at that location will not improve the model or reduce uncertainty. Therefore, QDE Approach 6 is developed to find the location of the input information that most contributes to output variance across a site. (3), is rearranged to sum output variance terms related to individual input parameters rather than output. Equation (8) represents the contribution from each input parameter to the output uncertainty across a site:
The FOSM equation, Equation
Here, cont(i) is the contribution to output variance from each input parameter. Figure 6 shows a graphical represen- Figure 5 | In contrast to the correlated case described in Figure 4 , the operation required for uncorrelated input is the summation of only the 100 diagonal terms of the matrix in the large block. The shaded cells and method of exploration are the same as given in Figure 4 .
∑ ∑
In Figure 6 , the small black squares represent the terms of the FOSM related to input parameter HK 1 . The sum of the small black squares is the portion of the total output uncertainty that is related to input parameter HK 1 . For a 10 £ 10 cell site, Equation (8) can be written as Equation (9) for HK 1 :
By comparing cont(i) from i ¼ 1 to 100 for a given 10 £ 10 model, the maximum cont(i) is the location of the input parameter information that contributes the most to total output variance. (8), QDE Approach 7 considers only input information variance as shown in Equation (10):
QDE
This approach is used to find the most contributing input parameter when input parameters are not correlated or can be assumed not correlated. The graphical representation of Approach 7 is shown in Figure 7 .
CASE STUDY
Synthetic site description
The seven QDE approaches are applied and evaluated on a hydrogeologic synthetic model. The synthetic model is a steady-state ground water model in a confined aquifer where hydraulic conductivity is the uncertain input information and piezometric head is the calculated model result. Because this is a synthetic site, the "true" head in the field is known and is shown in Figure 9 . This "true" piezometric surface was calculated by MODFLOW-2000 given every "true" hydraulic conductivity shown in Figure 10 . Application and result of the seven QDE approaches QDE Approaches 1-7 are applied to a hydrogeologic synthetic site given only information from the five original sample locations. Each QDE approach identified a new location to sample at the site, as shown in Figure 10 . Table 2 lists Each approach is evaluated based on the accuracy of the modeled head from the six borings compared to the "true" head. For every QDE approach, the additional sample improved the modeled head, moving it closer to the "true" head. In addition, each QDE approach reduced the overall standard deviation in the modeled head. Table 2 presents the mean absolute error for the five original sampling points (top row) and each of the seven QDE approaches with the information from the sixth location added to the analysis. In addition, Table 2 also shows the percent change in standard deviation of the piezometric head from across the site. Equation (11) calculates the percent difference between the volume under the standard deviation surface before and after the addition of data from the sixth sample location:
Here, DV(%) is the percentage volume change under the output uncertainty surface after a new sample is included in the model, s b i is the standard deviation of output data at in cell i before new data is added and s a i is the standard deviation of output data in cell i after new data is added.
Each of the seven QDE approaches developed and presented herein has advantages and disadvantages. QDE Approach 1 focuses only on the uncertainty in input information which, through the FOSM calculation, affects output uncertainty. Approach 1 is the best approach in terms of reducing input uncertainty across a site, but it should be noted that this approach may direct exploration away from areas of interest and to areas of largest input uncertainty. As shown in Figure 10 , location A-1 is at the center of the site and at the largest distance from the five previously sampled locations. Therefore, sampling at A-1 will most reduce the volume under the input information uncertainty surface, which is shown in Figure 1(a) . Approaches 2 and 3, exploring based solely on the sensitivity matrix, decrease the overall head uncertainty and move the modeled head closer to the "true" head. These two approaches are beneficial when the goal of exploration is to improve model calibration. QDE Approach 2 identifies which head location is most sensitive to a change in hydraulic conductivity, while QDE Approach 3 identifies the location of hydraulic conductivity that most affects the head across the site. As seen in Figure 10 , A-2 is located at the pumping well where the head is very sensitive to changes in hydraulic conductivity. A-3 is up-gradient of the pumping well; therefore, changing hydraulic conductivity information at this location affects the head the most across the entire site.
QDE Approach 4 samples at the location of largest correlated output variance. As shown in Table 2 , the estimated head is relatively unchanged, only a 6% improvement, and the overall uncertainty improvement is 7%.
Approach 4 is the most justifiable approach based on mathematics. This approach uses the first-order Taylor series to estimate the variance in modeled output. From a physical standpoint, A-4 in Figure 10 is at the location of largest output uncertainty. Sampling at this point will reduce input uncertainty, which in turn will reduce output uncertainty. In some cases, the location of largest output uncertainty may already have been sampled. This is the main disadvantage with Approach 4.
Approach 5 is identical to Approach 4 except the covariance terms are dropped from the calculation of output variance because the input data are assumed to be uncorrelated. This assumption is not true for most subsurface data, but by making this assumption, the likelihood of directing exploration back to an already sampled point is reduced.
Location A-5 shown in Figure 10 is at the pumping well which is the location of largest sensitivity. By removing the covariance terms in Approach 5, sensitivity becomes more important and exploration is directed to the pumping well.
QDE Approach 6 identifies the input information that contributes the most to overall output variance. This approach produced the best results among all seven QDE approaches. Approach 6 most reduced the mean absolute residual between the modeled and "true" piezometric head, with an improvement of 53%, and produced a decrease in the overall output standard deviation of 8% as shown by Table 2 . The location of A-6 in Figure 10 is up-gradient of the pumping well and the majority of the site. Improving hydraulic conductivity information at this location has the largest effect on model results.
Finally, QDE Approach 7, which is the same as Approach 6 except it is based only on uncorrelated input information, shows only a small improvement in the modeled head. The location of A-7 in Figure 10 is at high head elevation. Improving hydraulic information at this location will affect the modeled head down-gradient.
As can be seen in Figure 10 , all QDE identified locations are on the up-gradient half of the site. Locations A-3, A-6 and A-7 are located at X ¼ 50 m, which is the first column of cells that does not have a fixed head elevation.
Locations A-2 and A-5 are at the pumping well which is the most sensitive location at this site, while location A-1 is at the most uncertain point, which is at the greatest distance from existing samples. Based on this work and the synthetic case study presented, the following conclusions are advanced:
CONCLUSION
(1) Seven Quantitatively Direct Exploration (QDE) approaches for evaluating the input uncertainty matrix, model sensitivity matrix and output variance matrix are developed and applied to a synthetic model.
For the given synthetic model, the QDE approach that identified the location of the input information that most contributes to the overall output variance performed the best in terms of reducing the mean absolute residual between the modeled and "true" piezometric head.
(2) Both uncertainty in the geologic input information and sensitivity of the groundwater model must be com- (3) Only the initial hydrogeologic information and a spatial correlation structure that respects this information is required to begin the QDE process.
Extrapolation of hydraulic conductivities from known values at sampled locations through the multivariate conditional probability calculation allows for an estimation of hydraulic conductivity and uncertainty in hydraulic conductivity at unsampled locations. In addition, the conditional probability calculation provides the full covariance matrix that completely describes the probabilistic subsurface, which is necessary for the correlated version of the FOSM calculation.
(4) Because MODFLOW-2000 contains sensitivity calculations that are directly coded into the program, all sensitivities were computed with a single model run.
MODFLOW-2000 has the capability of producing separate, spatially located sensitivities for each input parameter.
